Linearized oscillation theorems for certain nonlinear delay partial difference equations  by Zhang, B.G. & Yu, J.S.
Pergamon 
Computers Math. Applic. Vol. 35, No. 4, pp. 111-116, 1998 
Copyright@1998 Elsevier Science Ltd 
Printed in Great Britain. All righta maerved 
PII: SO898-1221(97)00294-O 08981221/98 i17.00 + 0.00 
Linearized Oscillation Theorems for Certain 
Nonlinear Delay Part ial Difference Equations 
B. G. ZHANG 
Department of Applied Mathematics 
Ocean University of Qingdao 
Qingdao 266003, P.R. China 
J. S. Yu 
Department of Applied Mathematics 
Hunan University 
Changsha, Hunan, 410082, P.R. China. 
(Received March 1997; accepted May 1997) 
Abstract-This paper is concerned with the nonlinear delay partial difference equation 
&+l,n + &,,+I - &w +pm,nf (Am-k,n-1) = 0, 
where k and 1 are nonnegative integers and m, n = 0, 1, . . . . Some linearized oscillation theorems for 
this equation are obtained, i.e., we will prove that under some conditions on f, this equation haa the 
same oecillatory character as an eaeociated linear equation. An existence result for poeitive solutions 
of this equation is obtained also. 
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1. INTRODUCTION 
Partial difference equations are difference equations that involve functions of two or more inde- 
pendent integer variables. Such equations arise from considerations of random walk problems, 
the study of molecular orbits [l], mathematical physics problems [Z], and the numerical differ- 
ence approximation problems [3]. In this paper, we consider a nonlinear delay partial difference 
equation 
Am+l,n + Am,n+l - Am,n + Pmpf (Am-k,n-1) = 0, m,n=O,l,..., (1.1) 
where f E C(R,R), Pm,, > 0 on N$ and k,l E Nl. The notation Ni is used to denote the 
ray {i, i + 1,. . . } of integers. Difference equation (1.1) can be obtained from the difference 
approximation of a class of the delay partial differential equation of the form [3] 
a% a% 
a22+&d2 + g(2, y, ‘Il(t, p), 21(x, 9 - 611, + - Tlr ?I>, u(a: - 72, ?/ - Q2)) = 0. (1.2) 
The oscillation of the delay partial differential equation ( 1.2) has been investigated by Tramov [4]. 
Recently, the oscillation problem of (1.1) has been investigated in [5-81. 
This work ia supported by NNSF of China. 
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A solution {Ai,j} of (1.1) is said to be eventually positive if Ai,j > 0 for all large i and j. It is 
said to be oscillatory if it is neither eventually positive nor eventually negative. 
In this paper, we will show some linearized oscillation theorems for (l.l), i.e., we will show 
that under some assumptions on f (1.1) has the same oscillatory character as an associated linear 
equation. Next, an existence result for positive solutions of (1.1) is obtained also. To the best 
of our knowledge, there are no results for the linearized oscillation and the existence of positive 
solution of (1.1) up to now. 
2. MAIN RESULTS 
We consider (1.1) together with the linear equation 
Am+l,n + Am,n+l - An,n + P&n-k,n-1 = 0, (2.1) 
where k and 1 are positive integers and p > 0. 
A solution {Ai,j} of (2.1) is said to be proper, if there exist positive constants M, o, and p 
such that 
I&,nI 5 MamP’-‘, for all large m and n. 
The first lemma is taken from [7]. 
LEMMA 2.1. The following statements are equivalent. 
(a) Every proper solution of (2.1) oscillates. 
(b) The characteristic equation 
X+jLl+pX-k/P=0 (2.2) 
has no positive roots. 
(c) k”l’ 
’ ’ (k + 1+ l)“+‘+l ’ (2.3) 
(X, cl) is said to be a positive root of (2.2) if it satisfies (2.2) and X > 0, p > 0. 
LEMMA 2.2. Assume that every proper solution of (2.1) oscillates. Then there exists eo E (O,p), 
such that for each e E [0, EO], every proper solution of the equation 
A,+l,n + A,,,+1 - A,,,, + (P - +kk,n-l = 0 (24 
also oscillates. 
PROOF. By Lemma 2.1, every proper solution of (2.1) oscillates if and only if (2.2) has no positive 
roots. We claim that 
x+/A-l+(p-E)x-k~-~=o (2.5) 
has no positive roots. Clearly, (2.5) has no positive roots on the region X+/J 2 1. In the following, 
we only need to prove that (2.5) has no positive roots in the region 0 < X + ~1 < 1. Let 
F(X, /A) = x + /A - 1+ px-k/L-‘. 
Since (2.2) has no positive roots, it follows that F(X,,U) > 0 for (X, cl) E (0, co) x (0,m). By 
direct calculation, F(X, p) reaches its minimum value m at 
A* = (I-lpk’+‘) lltk+l+l) , p* = kp((X*)-k-l > “‘, 
i.e., 
A,y~,oF(A~) = W*,P*) = m, 
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where 
+P l/(k+l+l)k-“/(“+‘+l)l(k+l)/(k+l+l) _ 1, 
Due to (2.3), it is not difficult to see that m > 0. Let 
G(s,t) = s + t - 1 + $~s-~t-’ 
and Q = min[(p/2)‘lk, (p/2)“‘, (p/2)‘l(k+‘)]. Choose ~0 E (O,p/2), such that EOCY-(~+~) 5 m/2. 
Then, 
x + p - 1+ (p - E)X-kp-’ > x + p - 1+ ;P& > -1+ $-@+l) 10, 
for 0 < x 5 q 0 < p < a. 
ForX>a,p>cr,wehave 
x + jJ - 1 + (p - +-“/J-l 2 F(X,p) - EX+-” > F(X, /J) - kXX-(k+l) 2 5 >o. 
For 0 < X I (Y, 1 > p > (Y, we have 
Similarly, X + /.L - 1 + (p- E)X-~~-’ > 0, for 1 > X 2 cz, 0 < /J I (Y, i.e., we have proved that (2.5) 
has no positive roots. By Lemma 2.1, every proper solution of (2.4) is oscillatory. The proof is 
complete. 
THEOREM 2.1. Assume that 
(i) liminf,,,+,p,,, = p > 0, 
(ii) (f(z))/z > 0 for z # 0 and limz-to(f(z))/s = 1. 
Then every proper solution of (2.1) oscillates implies that every solution of (1.1) oscillates. 
PROOF. Suppose to the contrary that {Am,n} is an eventually positive solution of (1.1). Then 
there exist mo and no, such that A,,, > 0, for m 2 mo, n 1 no. We can show that lim,,,,, 
A m,n = 0, lim,,, A,,,,,, = 0, and lim,,, Am,n = 0. Otherwise, let lim,,,,, Am,* = d > 0. 
Taking the limit in (l.l), we obtain d + pf(d) 5 0, which is a contradiction. Similarly, we can 
prove that lim,,, A,,, = 0 and lim,,, A,,, = 0. Let 
pm n = p, n f (A--k,n-l) 
’ Am-k.n--l * 
Then liminf,,,,,&,.,,, = p. For each E E (0, EO], there exist M > mo and N > no, such that 
fl,,,,,,pp - E, for m 2 M, n 2 N. Therefore, 
Am+l,n + An,n+l - A,,, + (p - E)&-+-I < 0, (2.6) 
for m 2 M, n 2 N. 
Summing (2.6) in n from n(> N) to 00, we have 
c A m+l,i - A m,n + (Z-’ - E) 2 A,,+k,+l 5 0. 
i=n i=?I 
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We rewrite the above inequality in the form 
A m+l,n - Am,, + 2 Am+l,i + (P - E) FAm-k,i_l I o. 
i=n+l i=n 
(2.7) 
Summing (2.7) in m from m(2 M) to 00, we get 
-Am+ + 2 2 Aj+l,i + (P - e) 2 gAj+ 5 0. 
j=m i=n+l j=m i=n 
Thus, 
Am,, 2 2 2 Aj,i + (p - e) g eAj-k,i-l, 
j=m+l i=n+l jzm i=n 
for m 2 M, n 2 N. (2.8) 
Define the set of real double sequences 
X = {{Bm,n} : 0 5 Bm,n 5 1,m 1 M-k, n 1 N-I} 
and an operator T on X by 
(TB)m,n = Ai,n H j=~+~i=~+lAj,iBj,i+@- e) E E Aj-k,i-LBj-k,i-1 , m 2 M,n 2 N, j=m i-n I 
I 1, otherwise. 
In view of (2.8), we see that TX c X. Define {Bf&},i = O,l,. . . , as follows: 
(2.2) 
BEln E 1, Bkfn = (TB);;“, r=1,2,.... 
By induction and (2.8), we can prove that 
Bg),>Bg),&._ , _ , _--., > &), > &“+,” > 
for (m, n) E [M - k, co) x [N - 1, co). Thus, the limit Bm,n = limr+oo Bf$n exists and 
1 
B I-[ A 5 m,n = 2 Aj,iBj,i+(p - e> 5 E Aj-k,i-IBj-k,i-1 m,n j=m+l i=n+l I , form>M,nZN, jzm i=n 1, otherwise. 
Cleah Bm,n > 0 form 1 M-k, n I N-l. Set xm,n = Am,nBm,n. Then, xm,,, > 0, m 1 M-k, 
n>N-1,and 
00 00 00 m 
X m,n = C C xj,i + (P - e) c c xj-k,i-1, for m 2 M, n 2 N. 
j=m+l i=n+l j-m &n 
F’rom the last equation, we get 
00 
Xm+l,n - zrn,n = - c xm+l,i - (P - e> 2 xm-k,i-l 
i=n+l i=n 
or 
00 00 
Xm,n = c xm+l,i + (P - c) c xm-k,j-_I. 
i=n i=n 
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Summing the above equation in n(> N), we have 
zm,ra+l - Zm,n = -2m+l,n - (P - +m-k,n-I, 
i.e., (2.4) has a positive solution. In view of Xi,j 5 A,,j for all large i and j, {Zi,j) is a proper 
solution. By Lemma 2.2, (2.1) has a positive proper solution, which is a contradiction. The proof 
is complete. 
THEOREM 2.2. Assume that 
(i) 0 5 Pm+ I P, 
(ii) there exists a positive number h such that f(x) is nondecreasing in z E [-h, h] and 
O<fo<l - 
2 -’ 
for 0 < 1x1 5 h. (2.10) 
Suppose (2.1) has a positive proper solution, then (1.1) also has a positive proper solution. 
PROOF. If (2.1) has a positive proper solution, by Lemma 1.1, its characteristic equation 
x-t-/P-l+px-“~-- =o 
has a positive root (X, p) with 0 c X < 1,O < p < 1, and {Xmpn} is a positive solution of (2.1). 
Choose a > 0 such that 
A ma = aAmp* -C h, for all m > -k, n 2 -1. 
Cle=ly, (Amp) is a positive solution of (2.1) and satisfies f(Am,n) 5 Am+. Similar to (2.8), 
summing (2.1), we can get 
A m,n = 2 5 Aj,i +Pg gAj-k,i-l, m L 0, n L 0, 
j-m+1 i=n+l j=m i=n 
and hence, 
j=m+l i=n+l j=m i-n 
Define a set by 
X={{Bm,,}:O<Bm,,<l,mL-k,nL-1) 
and a mapping T on X by ’ 
1 (TB) (_[ A 5 E Aj,iBj,i+ 2 E pj,if(Aj-k,i-1Bj-k,i-1) m,n = m,n j=m+l i=n+l j=m i=n I 7 for m 2 O,n 2 0, 1, otherwise. 
Clearly, TX c X. Similar to (2.9), it is easy to prove that there exists (B,+}, such that 
(TB) m,n = Bm,,, f or m 2 0, n > 0, i.e., 
B 
m,n = 
E 2 Aj,iBj,i + jFm ignpj,if (Aj-k,i-IBj-k,i-l) 1 7 for m L 0, n 2 0, j-m+1 i=n+l 
otherwise. 
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It is easy to see that B,,,,,, > 0. Set x,,,,,, = A,,,,,,B,,,,,,, then 
2 m,n = 2 e “j,i + 5 ~Pj,if (Xj-k,i-1) I m 2 0, n 2 0. 
j=m+l i=n+l j=m i=n 
As before, the above equation implies that {x~,~) is a positive proper solution of (1.1). The 
proof is complete. 
Combining Theorems 2.1 and 2.2, we obtain the following corollary. 
COROLLARY 2.1. Assume that pm,, E p > 0, (ii) of Theorem 2.1 and (ii) of Theorem 2.2 hold. 
Then every solution of (1.1) oscillates if and only if every proper solution of (2.1) oscillates. 
COROLLARY 2.2. Assume that (ii) of Theorem 2.2 holds and 
0 i Pm,n I 
k&l’ 
(k + I+ l)k+‘+’ * 
Then, (1.1) has a positive solution. 
REMARK. The above results can be extended to the more general equation 
Am+l,n + Am,n+l - Am,n + kpi(m, n)fi (Am-kr,n-14) = 0. 
i=l 
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